I Introduction
The electronic revolution in banking has thrown up challenges for regulators and at the same time raised some interesting questions about the fundamentals of monetary theory. Of particular interest is Woodford's (1997 Woodford's ( , 1998 1 model that is intended to shed light on the properties of a monetary economy as it evolves from the use of a physical medium of exchange (cash) to an electronic medium. This is an important area of research and has obvious implications for the implementation of monetary policy in the face of the electronic revolution in the payments mechanism. Monetary theorists have recognised that we have to get this right if errors in policy and regulation are to be avoided (Green, 1999) . Furthermore, the issue is of more than purely theoretical interest. Woodford's work has been cited with approval by
Henckel, Ize and Kovanen (HIK) (1999, p. 31, fn 35) . They claim that "…the pathbreaking analysis in Woodford (1997) , [….] shows that in a model where money vanishes a stable local equilibrium continues to exist for the rate of inflation even when money balances are zero". It is this sort of claim with which I wish to take issue.
In (1985) concluded that the three functions of money are non-separable in any workable monetary economy 3 . The absence of all three functions of money in any model reveals a deeper conceptual problem first identified by Frank Hahn (1965) . Hahn pointed out that adding something called 'money' to any real general equilibrium system is an inessential addition in the sense that it is easy to show that a nonmonetary equilibrium exists. Woodford's model has this property.
The remainder of the note is arranged as follows. Section II outlines Woodford's analysis. Section III outlines why 'money' in Woodford's model is an inessential addition in the sense of Hahn (1965) . Section IV then briefly outlines the consequent conceptual errors that arise when Woodford's model is used to assess policy issues.
Section V concludes.
II Woodford's post-monetary world
3 Attempts to separate the functions of money have led to confusion elsewhere in the literature. See Rogers and Rymes (1998) .
The model is based on an infinitely lived representative household-producer, a selfemployed artisan, for example, and each artisan seeks to maximize lifetime utility. To introduce a role for money Woodford draws his inspiration from Lucas (1980) for the use of Clower's cash-in-advance constraint and from Lucas and Stokey (1987) for the variation on this theme based on the distinction between what he calls "cash" and "credit" goods. As is well known the cash-in-advance feature gives money a role in the model because in this sort of set-up artisans must hold cash even though it is dominated in rate of return by bonds (or capital).
But Woodford moves beyond the traditional cash-in-advance specification because his intention is to set up a payments technology that will allow him to shrink to zero the number of payments requiring cash settlement. If the price level remains determinate in such a situation then he will have achieved his goal of "..determining money prices of goods and services without any reference either to the money supply or to a money demand equation " Woodford (1997, p. 3) . If successful this would be a truly remarkable achievement -the determination of money prices in a world in which money does not exist! It is my contention the Woodford has slipped into confusion at this point. Specifically he has confused the existence of a numeraire with the broader concept of money, particularly the existence of money as a means of payment or settlement. The latter accounts for the existence of the 'network externality' that attaches to money and explains why prices are quoted in the means of settlement. As we will see, in Woodford's set-up the numeraire can be selected arbitrarily because no means of payment is required.
To make the point I consider Woodford's payments system and then examine its implications under the cashless limit in two settings: (a) when something called 'money' is treated as exogenous and a determinant of the price level (one version of the traditional quantity theoretic view of monetary theory and policy), and, (b) a "Wicksellian" world, without 'money' where Woodford attempts to analyse how the interest rate is manipulated to achieve a price level or inflation target.
The payments system
Although there is an infinite planning horizon, time is divided into discrete periods.
Each period, artisans must purchase two types of good each associated with it's own payment technology. One category of goods can be purchased on credit during the period and settled at the end of the period without the need for the buyer to hold cash balances. Woodford calls this "informal credit". The other category of goods is purchased with the second technology and requires the buyer to hold cash balances at the end of the period sufficient to cover all charges against his account (for the second category of goods only) during the period. Cash must then be used to discharge any outstanding debt at the beginning of the next period.
Note that only the second type of payments technology requires the artisan to hold cash balances during the period. As Woodford (1997, p. 10) 
A quantity-theoretic world in a real general equilibrium setting
Woodford's quantity-theoretic version of the model -the version, in which M is treated as exogenous-can be described in terms of the following system of equations.
(I follow Woodford's numbering for ease of comparison) 4 In this regard, is the Lucas and Stokey distinction between credit and cash goods any assistance? Lucas and Stokey (1987) define 'credit goods' (goods which do not need to be paid for in cash) as 'non-market goods', such as leisure. This does not seem to be what Woodford has in mind. When he sets up the model we are left with the distinct impression that both types of goods are market goods that are distinguished only by the form of payments technology that must be used for their payment. But without further explanation we are left to surmise that these goods are exchanged somehow without the need for money (cash) or credit (as those two terms are usually understood).
Woodford presents this system of equations as a complete set of equilibrium conditions that can be used to determine the sequence { , } p R t t . He requires, in addition that at least one of (2.16) and (2.23) holds with equality. A brief explanation of each equation follows.
Expression (2.16) states that the endogenous nominal gross interest rate, R t ≥ 1 and imposes the condition that the nominal net interest rate is always non-negative and is required to ensure that artisans' debt is bounded (Woodford, 1997, 16 = . Expressions (2.26) and (2.27) are boundary conditions where 0 1 < < β is a discount factor. Also, expression (2.26) requires that artisans' do not borrow more than they can possibly repay-based on their potential capacity to produce and maintain a minimum positive level of consumption (Woodford 1997, 11-12) .
Expression (2.27) is a transversality condition of a form required for an infinite planning horizon problem.
To model the post-monetary world Woodford generates the cashless limit by setting α = 0 and examining whether it is still possible to determine the price level p t .
Accepting the analysis of the necessary mappings between infinite sequences, and that the required continuity conditions are met, it is possible to show that the first order non-linear difference equation which describes the equilibrium state of the model can determine p t when α > 0 (subject to the two boundary conditions). That is, writing the sequence of equilibrium conditions in general form as
Woodford shows that it is possible to find a function, instead the use of money in transactions is intrinsic to the model's ability to determine the price level".
All this is no doubt familiar to anyone acquainted with Patinkin (1965) . The problems arise in Woodford's model when he attempts to circumvent this result. In that endeavour, Woodford is, quite rightly, not concerned with a world in which M is exogenous. He regards that case as of no practical importance because today central bankers make no attempt to render some M exogenous. Today's world of electronic banking has more in common with Wicksell than Friedman.
A "Wicksellian" world in a real general equilibrium setting Woodford (1997, p. 27 ) suggests the following relationships as a complete set of necessary and sufficient conditions for sequences { , } p R t t to constitute equilibrium in a model which is a proxy for a world in which central bankers manipulate a nominal interest rate to achieve a price level or inflation target.
Expression (3.7) is simply the monetary policy rule that links interest rates to prices (or rates of change in prices in the case of an inflation target). There is no change to expressions (2.24) or (2.26) but (3.9) does involve a re-specification of fiscal policy to incorporate a target level for the total nominal value of government liabilities, W > 0.
This accounts for the appearance of W in expression (3.9). Expression (2.23), which embodied the cash-in-advance feature of the previous model, is still implicit in the model in the sense that it could be used to determine the equilibrium path of the now endogenous money supply once the equilibrium sequence { , } p R t t has been determined. (Presumably this is true only for those cases where α > 0 because M disappears in the cashless limit as all payment is by "informal credit").
This model is essentially identical to the model with exogenous money (Woodford, 1997, pp. 28-29) but Woodford argues that it is qualitatively different in one important respect: in this version of the model the equilibrium equations remain wellbehaved in the cashless limit. In other words, the function f in expression (3.4) is continuous in the cashless limit; ie., when α = 0 . Hence, the price sequence foresight equilibrium in the case of any parameter sequence in which α t is small enough for all t.
In the cashless limit the equilibrium conditions in the "Wicksellian" version become: which, as Woodford (1997, p. 24) notes, is the "..familiar asset-pricing equation for a non-monetary economy, applied to an asset which pays no dividend and has an exchange value (in terms of the consumption good) of 1/ p t ".
In terms of Hahn's criterion, money is obviously an inessential addition to this version of Woodford's model. [As it was in Patinkin (1965)] The same conclusion also applies to Woodford's Wicksellian world in the cashless limit as he himself points out when he notes that there is no need to take account of any transactions technology when deriving the equilibrium solution. One might more conveniently simply write down the equilibrium conditions from the non-monetary version of the model. In this regard expression (3.13) is particularly interesting because it is apparent that it differs from expression (3.5) only by the inclusion of the Hahn's (1965) conclusion that it is easy to show that a non-monetary equilibrium exists when a non-essential addition of money is made to a real general equilibrium system.
Woodford's strategy of appending a cash-in-advance transactions technology to a real general equilibrium model then appears for what it really is; an inessential addition that in no way compromises the integrity of the underlying real system. Consequently 'money' can be made to vanish without undermining the existence of a real equilibrium. We should not be surprised that appending a redundant transactions technology to the model causes nary a ripple when it is removed. It does, however, throw up some interesting conceptual issues.
IV Conceptual problems raised by Woodford's analysis
Woodford clearly intends his analysis to have policy relevance in view of Rotemburg and Woodford (1997) and the use to which he puts his own model. To be of relevance to policy makers the variables in Woodford's model must be proxies for their real world counterparts. For example, a short-term nominal interest rate is the instrument of choice in modern monetary systems, and policy is directed to achieve price level stability defined in terms of the CPI (or nominal GDP). In Woodford's cashless limit, however, neither of these concepts can be given any meaningful interpretation. That leaves no role for central bankers. For similar reasons I find the description of the model as "Wicksellian" in the cashless limit to be problematic. The essence of Wicksell's analysis is the distinction between the market and natural rates of interest. The market rate is the rate on money loans and the natural rate represents the return on real capital investment. Assuming full employment, Wicksell argued that inflationary (deflationary) pressure resulted whenever the market rate lay below (above) the natural rate. The discrepancy between the two rates could occur as a result of monetary and/or productivity shocks.
Furthermore, Wicksell also had a model that bears some relationship to the cashless world Woodford has in mind-the pure credit model.
Wicksell's pure credit model is a world in which no cash exists and all transactions are conducted by book entry. Today he would no doubt say by electronic transfer.
Nevertheless, Wicksell's theory was clearly intended to apply to a monetary economy in which all three functions attached to the book entries (or in a modern setting the electronic medium of exchange). For example, even though the $ bill does not exist (there is no cash) in Wicksell's pure credit economy all prices are expressed in $'s and electronic entries expressed in $ units are the medium of exchange and store of value. Woodford's model does not have either of the last two functions in the cashless limit and the numeraire can be selected arbitrarily from the list of commodities 7 . In a 6 Buiter (1999, p.36, fn 30) concludes, correctly in my view, that: " Searching for limiting behaviour of the equilibrium price of money sequence in a demonetising monetary economy, in the hope of finding one which converges to an equilibrium price of money sequence in a non-monetary economy, is therefore bound to be a will-o'-the wisp". This conclusion also applies to the concept of the interest rate in Woodford's model. 7 Buiter (1999) Fama (1980) involved just this conceptual error 8 . Hoover (1988, p. 99 ) alerted us to the confusion when he observed that: "Fama's use of the term 'price level' is somewhat misleading. The barrell-of-oil price of each good is a relative price while the price level is usually taken to refer to absolute or nominal prices." The same conceptual error is found in Woodford's analysis when he suggests that inflation of the price level can meaningfully be analysed by a model in which only an inter-temporal real relative price vector exists.
Essentially the same point has been made by Buiter (1999, p. 36 , fn 30) when he concludes that:
"In an economy without money the price of money is not just indeterminate. It is conceptually undefined."
All this suggests that the conceptual errors inherent in Woodford's analysis are nothing new. In addition to Hahn (1965) , whom, it might be thought, was making a rather esoteric point, monetary theorists from across the spectrum have reached essentially the same conclusion. In particular, Laidler (1990) and Clower and Howitt (1993) have drawn attention in the literature to this form of conceptual error: real general equilibrium models are exactly that-real general equilibrium models that have nothing to say about how transactions are actually carried out. The existence of the Walrasian auctioneer is usually identified as the assumption that precludes the need to model any transactions technology. Clower and Howitt (1993, p. 2) make the point rather forcefully:
"Although in every case some attempt is made to motivate the holding of money by invoking some kind of transactions cost, the very existence of such costs is ruled out by the assumption (explicit or implicit) that 'the auctioneer' establishes the terms of all planned trades without cost to any 'agent'. In all such theories, transactions cost are ruled out by the assumption that trading plans can be executed whenever for each good the sum of everyone's planned purchases equals the sum of their planned sales, without regard to the question of who trades what for which or with whom". Laidler (1990) is to introduce a government and use the government budget constraint to determine the price level in a world without 'money'. Buiter (1999) regards this claim as just too fantastic for words. How is it possible, he asks, to determine the price of money in a world where money does not exist either as a physical object or a financial claim? The answer is simple once the sleight of hand is exposed: this is Woodford's so-called post-monetary world where a real relative price vector is parading as the price level. Buiter (1999, p. 34) accurately outlines the properties of Woodford's cashless limit in the following terms and raises some (by now) familiar conceptual questions:
"Now consider the case of 0 = α . The demand for real money balances will be zero in equilibrium. Households don't demand money and the government sector does not issue money. Money is dropped from the asset menu. It is no longer the store of value, medium of exchange or means of payment. Something called 'money' could still be numeraire, but it has no existence other than as a numeraire or unit of account. In addition there is a government debt instrument that has a coupon payment, Γ , specified in terms of money. ….. Note that the payment of the nominal debt instrument, Γ , cannot be made in money, since there is no monetary asset in the economy. The nominal bond can only promise to make a payment worth Γ units of money. The payment would have to be made in some good or financial claim that actually exists."
Here, Buiter is describing the property of a real general equilibrium model, outlined above, in which the nth commodity can be selected arbitrarily and treated as numeraire, and in which the other two functions of money can be imposed via the cash-in advance constraint. But the introduction of nominal magnitudes in this fashion amounts to nothing more that and inessential addition to the underlying real structure.
Nothing of analytical substance is altered. Hence it is easy for Woodford to eliminate the cash-in-advance feature of his payments technology because it is in any event inessential. Removing 'money' in the cashless limit reveals the real core of the model by stripping away all nominal values (values quoted in the money unit). Only real relative prices remain and confusion results when theorists attempt to relate these real relative price concepts, which measure equivalent quantities of commodities, to the nominal magnitudes observed by policy makers (or even their inflation adjusted real equivalents).
VI Conclusion
Woodford presents an analysis that purports to model the evolution of the monetary system from a world of cash to a world of electronic money. The analysis is unconvincing because it proceeds by a well documented, but apparently not wellknown, sleight of hand that obscures fundamental conceptual errors. In short, there is nothing in Woodford's model that corresponds with anything that would be recognizable to a central banker. It cannot then provide a basis for sensible advice to central bankers or provide a basis for empirical analysis of real economies.
